In this note, we study the existence and multiplicity of solutions for the quasilinear elliptic problem as follows:
Introduction
In this note, we discuss the existence and multiplicity of solutions of the following boundary value problem:
where ⊂ R N is a bounded domain with a smooth boundary ∂ . The function a is such that p : R → R defined by
is an increasing homeomorphism from R onto itself and the continuous function f (x, t) ∈ C( × R, R) satisfies f (x, ) = , x ∈ . Especially, when a(t) = |t| p- , the problem (.)
is the well-known p-Laplacian equation. There is a large number of papers on the existence of solutions for the p-Laplacian equation. But the problem (.) possesses more complicated nonlinearities. For example, it is inhomogeneous and has an important physical background, e.g., http://www.boundaryvalueproblems.com/content/2012/1/136 (a) nonlinear elasticity:
(c) generalized Newtonian fluids:
So, in the discussions, some special techniques are needed, and the problem (.) has been studied in an Orlicz-Sobolev space and received considerable attention in recent years; see, for instance, the papers [-]. In paper [], Fang and Tan discussed the problem (.) under the conditions that f (x, t) was odd in t. They got the first result that when h + < p -, and f (x, t) ≥ Ct q- for  < t < δ, q < p -, the problem (.) had a sequence of solutions by genus theory. The second result is that when The paper is organized as follows. In Section , we present some preliminary knowledge on the Orlicz-Sobolev spaces and give the main result. In Section , we make the proof.
Preliminaries
Obviously, the problem (.) allows a nonhomogeneous function p in the differential operator defining the problem (.). To deal with this situation, we introduce an Orlicz-Sobolev space setting for the problem (.) as follows.
Let
then P and P are complementary N -functions (see [] ), which define the Orlicz spaces
Throughout this paper, we assume the following condition on P:
Under the condition (p), the Orlicz space L P coincides with the set (equivalence classes) of measurable functions u : → R such that
and is equipped with the (Luxemburg) norm, i.e.,
We will denote by W ,P ( ) the corresponding Orlicz-Sobolev space with the norm 
Now, we introduce the Orlicz-Sobolev conjugate P * of P, which is given by
where we suppose that
Let p
, p
. Throughout this paper, we assume that p + < p - * . Now, we will make the following assumptions on f (x, t).
(f * ) There exists an odd increasing homeomorphism h from R to R, and nonnegative constants c  , c  such that 
then we can obtain complementary N -functions which define corresponding Orlicz spaces L H and L H * .
Similar to the condition (p), we also assume the following condition on H:
In order to prove our results, we now state some useful lemmas.
Lemma . []
Under the condition (p), the spaces L P ( ), W 
Lemma . []
Under the condition (f * ), the embedding W
Lemma . [] Let ρ(u) = P(u) dx, we have
() if |u| P < , then |u| p + P ≤ ρ(u) ≤ |u| p - P ; http://www.boundaryvalueproblems.com/content/2012/1/136 () if |u| P > , then |u| p - P ≤ ρ(u) ≤ |u| p + P ; () if  < t < , then t p + P(u) ≤ P(tu) ≤ t p -P(u); () if t > , then t p -P(u) ≤ P(tu) ≤ t p + P(u).
Lemma . [-] Let E = V + X, where E is a real Banach space and V is finite dimensional. Suppose I ∈ C  (E, R) is an even functional satisfying I() =  and
Then I possesses at least dim W -dim V pairs of nontrivial critical points.
Using the version of the symmetric mountain pass theorem mentioned above, we can state our result as follows.
Theorem . Assume that f (x, t) is odd in t, satisfies (f * ) with p
-< h + ≤ p + and the following assumptions:
Then for any given k ∈ N , the problem (.) possesses at least k pairs of nontrivial solutions.
Main results and proofs
In this section, we assume that N ≥  and E = W ,P  ( ), u ∈ E is called a weak solution of the problem (.) if
and we know that the critical points of I are just the weak solutions of the problem (.).
For E is a separable and reflexive Banach space, then there exist (see
Proof We prove the lemma by contradiction. Suppose that there exist δ >  and u j ∈ X j for every j ∈ N such that |u j | H ≥ δ u j . Taking 
Proof Now suppose that u > . From (f * ), we know that
Consequently, considering δ >  to be chosen posteriorly by Lemma ., we have for all u ∈ X j and j sufficiently large,
Now, taking u = ρ(δ) = ( Proof Let x  ∈  and r  >  be such that B(x  , r  ) ⊂ , and  < |B( 
